All (Hermitian) self-dual [24, 12, 8] quaternary codes which have a non--trivial automorphism of order 3 are obtained up to equivalence. There exist exactly 205 inequivalent such codes. The codes under consideration are optimal, self-dual, and have the highest possible minimum distance for this length.
INTRODUCTION
A complete enumeration of all (Hermitian) self-dual quaternary codes up to length 16 is presented in [3, 12] . For any greater length there exist a large number of such codes. By [12] the minimum weight of a self-dual [n, n/2, d] quaternary code satis"es the bound d42[n/6]#2.
(
A self-dual code is called extremal if this bound is met. It is reasonable for higher lengths n, n'16, to list the extremal codes if possible. In [8] , the extremal codes of lengths 18 and 20 are classi"ed. Extremal self-dual codes exist also at length 22, 28, and 30 (see [5, 7, 12] ). In [9] , the nonexistence of a [24, 12, 10] self-dual code over the quaternary "eld is shown. So we have been intrigued to investigate the [24, 12, 8] self-dual quaternary codes. These 
All such codes possessing a monomial automorphism of prime order r'3 have been obtained in [13] . Their number is at most 18 and they have weight enumerator (2) for "513, 522, 630, 657, 702, 756, 792, 837, 1089, 1197, 1242, 2277. Now we extend these results to include the prime r"3. In this paper we construct all [24, 12, 8] self-dual quaternary codes which have a nontrivial automorphism of order 3. We use a general decomposition theory of self-dual quaternary codes processing a monomial automorphism of order a power of 3 developed in [6, 7] . We obtain codes with weight enumerator (2) for new values of "594, 684, 738, 765, 846, 900, 954, 981, and 1413. In the next section we give a description of the method used. The results are presented in Section 3. We establish that there exist exactly 52 [24, 12, 8] self-dual quaternary codes with a permutation automorphism of order 3 and 154 codes with a non-permutation (nontrivial) automorphism of order 3 up to equivalence. Among the constructed codes there is a unique code possessing a permutation automorphism as well as a non-permutation one of order 3.
The other codes are all inequivalent. So we improve the lower bound for the number of known self-dual [24, 12, 8] codes in [11, 
NOTATIONS AND CONSTRUCTION METHOD
Our notations follow those of [6, 7, 10] . We let F be a quaternary Galois "eld where F "+0, 1, , , with " " #1. A linear [n, k] code C over F is a k-dimensional vector subspace of FL . The elements of C are called codewords and weight wt(c) of a codeword c3C is the number of its nonzero coordinates. The minimum weight (distance) d of C is the minimum nonzero weight of all its codewords. An [n, k] code with minimum weight d is called an [n, k, d] code. De"ne distance between two vectors from C as the number of coordinates in which they di!er. Let A G (C) be the number of codewords of weight i in C. Then +A G (C)"04i4n, is the weight distribution (spectrum) of C. The Hermitian inner product (.,.) in FL is given by
The dual of C is the [n, n!k] code C,"+v3FL : (u, v)"0 for all u3C,. If C-C,, C is (Hermitian) self-orthogonal and has only even-weight code-
De"ne M L as the group of all n;n monomial matrices over F . Let Gal(F )"+1, , be the Galois group of F where is conjugation and M* L be the semidirect product of M L extended by Gal(F ). Each element ¹3M* L can be presented as ¹"PD , where P is a permutation (matrix), D is a diagonal matrix with nonzero diagonal entries, and 3Gal(F ). To apply ¹"PD to a codeword v3C would mean "rst to apply the permutation to the coordinates, then multiply vP by D, and "nally apply to each coordinate of the result. Two linear codes C and C of length n over F are equivalent provided there is an element ¹3M* L such that C¹"C. ¹he automorphism group Aut(C) of the code consists of the set of elements in M* L which map each codeword of C to a codeword of C. Let I be the n;n identity of M* L . The elements from 1 I2 are called trivial automorphisms of the code. In particular, a permutation automorphism of C is a permutation of the coordinates of C which preserves C.
In [6] an automorphism M of a code C is examined where M is of Type I or Type II as in Figs. 1 and 2 , respectively.
In Lemma 1 we prove that when considering self-dual [24, 12, 8] codes which have a nontrivial automorphism of order a power of 3, we may assume the automorphism is of Type I or Type II. The purpose of this work is to carry out the enumeration of all [24, 12, 8] self-dual codes possessing a nontrivial automorphism of order 3. The Type II automorphisms have order 9 and are therefore not considered.
For the remainder of this section we let C be an [n, k, d] code over F with a Type I automorphism M as in Fig. 1 
The next theorem gives our code decomposition and the properties of the codes E I (M)* whenever C is self-dual.
THEOREM 1 [6] .¸et C be a code of length n over F and M3Aut(C). ¹he following holds: Proof. By the criterion proved in Lemma 1 of [6] , if the only diagonal elements in Aut(C) are the trivial ones, then C is equivalent to a code with an automorphism of Type I or Type II. Suppose M,1 I2 is a diagonal element in Aut(C). Then by ordering coordinates correctly M is a Type I automorphism with c"0.
Since M is not a trivial automorphism at least two f H 's are nonzero. So n"24"f #f #f 52.18, a contradiction.
The following transformations preserve the decomposition and send the code C to an equivalent code C. We list also the subgroups of M* L consisting of such transformations.
(i) A permutation of the 3-cycles which permutes the coordinates corresponding to 3- 
Let D be the subgroup of D which is trivial on each cycle and F and D* be the subgroup trivial on
COROLLARY 1 [7] . Suppose C and C have the same ¹ype I automorphism M and
. The author suggests the reader consult [7] for more details.
RESULTS
In the following we let C denote a self-dual [24, 12, 8] quaternary code with a nontrivial automorphism of order 3. By Lemma 1 up to equivalence Aut(C) contains a Type I automorphism M with c, f , f , and f as in the previous section. Without loss of generality we may presume whatever order among f , f , and f [7] . We will assume the code
is generated by a matrix with columns ordered with cycle coordinates on the SELF-DUAL [24, 12, 8] QUATERNARY CODES left, followed by the f columns of F S , the f columns of F S , and "nally the f columns of F S . We will give generator matrices for E I (M) for k"0, 1, 2. As in [7] the cycle coordinates will be written to the left of " in each matrix and will be abbreviated using the appropriate "eld I I from Table I . When examining the codes in this section our objective is to choose suitable generator matrices for the codes E I (M)*. We refer to [12] for the notation that will be used to describe the possible codes E I (M)*.
LEMMA 2.¸et C be a [24, 12, 8] self-dual quaternary code with a ¹ype I automorphism M. One of the following possibilities holds:
Proof. Since C is self-dual, the numbers c, f , f , and f must have the same parity [7] . We have 24"3c#f #f #f . Since E I (M)* has even weight codewords and a weight 2 vector in E I (M)* leads to a nonzero codeword in C of weight at most 6, E I (M)* has minimum weight at least 4. Thus by the classi"cations in [3, 12] , c#f I 56 for all k. Therefore if c43, then c#f I 514 by Lemma 4 of [7] except when c"f I "3; in that case E I (M)*"E and there is a codeword of weight 4 in E which is nonzero on all three "xed point coordinates, leading to a codeword in C of weight 6. So c54 unless c#f I 514 for all k, this obviously being impossible. If c"4, f I 52 for all k as above implying that f I 48 for all k as f #f #f "12. By Lemma 4 of [7] , f I 4c"4 or c#f I "4f I 514, the latter being impossible.
Thus if c"4, 24f
I 44 for all k leading to the possibility c"f "f "f "4. Similarly it remains to consider the possibilities c"5, f "f "f "3 and c"5, f "5, f "3, f "1. The cases c"6, c"7, and c"8 are as already in the theorem. If c"f "f "f "4, each E I (M)* must be the [8, 4, 4] self-dual code E (see [12] ). As its automorphism group is triply transitive we can choose a 4-weight vector v*3E I (M)* nonzero on 3 "xed points which leads to a low weight vector in C. This argument eliminates the other cases, too.
Self-Dual [24, 12, 8] Quaternary Codes with a Permutation
Automorphism of Order 3
Now we consider a code C with a permutation automorphism M of order 3 with c 3-cycles and f "xed points in its decomposition. Up to equivalence we may assume this automorphism acts as a Type I one with f "f "0 and f"f . We present a terminology used in the proof of the next theorem. By Lemma 2 we need only consider two cases, namely possibilities (1) and (5).
¹he Case. c"6, f"6. Let C be a [24, 12, 8] 
and C of weight 4 shows that in these codes at most 4 and 5 coordinates respectively could be "xed points. So these cases are out.
Let E (M )* be E . This code has a de"ning set. If any of the duos consists of "xed points or cycle coordinates we would obtain a low weight vector in E (M ). Therefore, we can " when E (M )*"D or F we examine the generator matrices of these codes given in [12] . By investigation of all alternatives for a choice of the "xed points we obtain up to equivalence a unique possibility for gen(E (M )) in standard form. Thus we take gen(E (M ))"(I "A), where A is the matrix 
where b, c, d, e, f3+1, , N , and 3+ , ,. To reduce the number of cases to be checked we use Corollary 1. We applied by computer the elements of the appropriate groups G K and the elements of S= to the matrix
.
The results are presented in the next three theorems. To determine the spectrum of each constructed code we calculate A , the number of codewords of weight 8. Proof. In this case the group G K "1(1, 2)(7, 8), (1, 2, 3, 4, 5, 6)(7, 8, 9, 10, 11, 12), , I2. We obtain 12 classes of [24, 12, 8] self-dual codes with 11 di!erent spectra. Their representatives are labeled from C to C . In Table II we give the sets of parameters b, c, d, e, f, in gen(E (M )) for these codes.
Only the codes C and C have the same weight enumerator. Because of di!erent distance distributions for 8-weight vectors in them they are also inequivalent. 1, 1, 1, 1, , , 1, 1, 1, 1) , (1, 6, 4) (2, 5, 3) (7, 12, 9) (8, 11, 10) ( , , 1, 1, 1,  1, , , 1, 1, 1, 1) , (1, 3) (2, 5) (7, 9) (8, 10) , (1, 6) (2, 5) (7, 12) (8 11) (1, Proof. We found the monomial part of G ) in this case. It is the group generated by (1, 6) (2, 5) (3, 4) (7, 12) (8, 11) (9, 10), (1, 6, 2, 5) (3, 4) (7, 12, 8, 11) Table IV we give the sets of parameters in gen(E (M )) for these codes.
, d54] self-dual quaternary code and by [12] is equivalent to E . Since the minimum weight of E is 4 and it is self-dual , any 3 coordinate positions are independent (see [1] ). So we can "x a binary generator matrix for E (M ) in the form 
and permuting its last 5 columns we will obtain all possibilities for generator matrices of both E (M ) and E (M ). Applying the elements of G K "Aut(E (M)*)"1(1, 2) (7, 8), (1, 2, 5, 7, 3, 6, 7), , I2 and row reducing we determine up to equivalence 4 possibilities for gen(E (M )). Then applying elements of the appropriate group Aut(E (M )*)5Aut(E (M )*) we get up to equivalence 24 possibilities for the matrix gen(C). We note again that all coordinates of E I (M ) for k"0, 1, 2 are cyclic. A computer search shows that all these matrices form 9 orbits under the transformations from * A S, that is, some permutation of the columns followed by an interchange of the codes E I (M ) for k"0, 1, 2 and row reducing. The representatives of only 3 of them generate a [24, 12, 8] code. Denote these codes by C , C , and C . They are inequivalent with di!erent weight enumerators. In Table V we give the permutations of the columns of (4) by which are obtained gen(E (M )) and gen(E (M )) for these codes, respectively. With the assistance of Theorems 2 and 3 we obtain that the codes with identical spectra from di!erent tables may be equivalent. Then we always calculate the distance distribution for the 8-weight vectors in them. We establish six pairs of equivalent codes with the aid of a computer program: C and C ; C and C ; C and C ; C and C ; C and C ; C and C . For example, C "C P, where P"(2, 16, 9) (3, 19, 22, 10, 13, 21, 23, 24, 12, 7, 17, 15, 18, 6, 14) (4, 5, 8, 20, 11 Proof. Suppose there exists a code C"E (M) E (M) E (M) with such an automorphism M. All codes E I (M)* must be equivalent to the self-dual code E again. As was mentioned above one can take gen(E (M)*) in the form (4) (2) with "837. We have veri"ed that this code is equivalent to C and C "C ¹ with ¹" (2, 16, 6, 14, 24, 8, 10, 3, 13, 20, 23, 11, 18, 9, 7, 4) (5, 17, 12, 15, 22) (1, 1, 1, 1, 1, 1, 1, N , , 1, , N , 1, N , , 1, When E (M)*"E the group G K "1(3, 4) (7, 8) , (5, 6) (9, 10), (3, 4, 5 All these codes have the same weight enumerator for "A "513. We consider 4 form of gen(C) depending on E (M)*"E or B and the form of gen(E (M)). Denote these forms by A , A , B , and B , respectively. Suppose C and C are codes with the same automorphism M. The notion &&related codes'' is de"ned in [7] . We will say C is related to C if there exists an element 
